Statistical Methodology 6 (2009) 513-526

Contents lists available at ScienceDirect

Statistical Methodology

journal homepage: www.elsevier.com/locate/stamet

Non-asymptotic sequential confidence regions with
fixed sizes for the multivariate nonlinear parameters
of regression

Andrey V. Timofeev *
Department of Statistics, Speech Technology Center, 4 Krasutskogo Street, St.-Petersburg, 196084, Russia

ARTICLE INFO ABSTRACT
Article history: In this paper we consider a sequential design for the estimation
Received 25 October 2008 of nonlinear parameters of regression with guaranteed accuracy.

Received in revised form
10 May 2009
Accepted 12 May 2009

Non-asymptotic confidence regions with fixed sizes for the least
squares estimates are used. The obtained confidence region is valid
for finite numbers of data points when the distributions of the ob-
servations are unknown.

© 2009 Elsevier B.V. All rights reserved.

Keywords:

Non-asymptotic nonlinear estimation
Sequential analysis

Confidence regions

Guaranteed accuracy

1. Introduction

In this paper we investigate some non-asymptotic properties of the least squares estimates for
nonlinear parameters of regression. Lately there has been considerable interest in nonlinear models
in different practical fields, especially in economics. The primary reason behind this interest is the
fact that linear models, while having a wide variety of practical applications, did not quite meet the
expectations. The asymptotic properties of nonlinear least squares estimates are well investigated
and discussed [1,5-8,12,14]. At the same time, only few results addressing the finite sample properties
exist, whereas the non-asymptotic solution for the problem of the parameter estimation for regression
is practically important because the sample volume is always limited from above. Non-asymptotic
estimation of the scalar parameter of nonlinear regression by means of confidence regions was
examined by Timofeev [12]. A similar estimation of the multivariate parameter was researched by
Timofeev [13]. In this paper a sequential design is suggested that will make it possible to solve the
problem of nonlinear estimation of multivariate parameter of regression by means of confidence
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regions in the non-asymptotic setting. As opposed to the method suggested by Timofeev [13], the
solution presented in this paper does not use explicit expressions for the gradients of the loss function.
The solution was obtained under the condition that distributions of observations are unknown. The
mean observation time was estimated in the suggested sequential design.

2. Statement of the problem

A stochastic process X = {X(k)|k > 0} satisfies the following equation
X(k) =Ak,0%) +&k), k=>1, (1)

where X (k), A(k, 6*), £(k) € R™. The nonlinear functions {A(k, 6*) [k > 0} are defined. A vector
sequence {& (k) |k > 1} with unknown distribution is such that

Vk>0: (E((K) =0,E(ERENR) = LK),

where {L(k) |k > 0} is a known sequence of non-random diagonal matrixes m x m that can be des-
cribed as follows:

Vk > 0: L(k) = diag (F(k), ..., E(K), 3K : VL (k) <K < oo.

An unknown parameter 8* belongs to a closed ball ® embedded in an m-dimensional Euclidean
space R™.

Let A = {61,682, ...,8m} € R, Vs € A : §; €]0, o0[ be a set of required dimensions of the
confidence parallelepiped. P, €]0, 1[ is the required value of the confidence coefficient.

We need to develop a sequential design for confidence estimation of the parameter 6* that would
determine:

e the stochastic stopping time t > 1,
e arule for building a confidence rectangular parallelepiped & (t) in the compact @,

that meet the following conditions:
Py« (9* € E(T)) > P, Py (T < OO) =1,
V61,60, € E(T) 1 VL, [(61); — (62)i] < 85, & € A

From now on, ||-|| stands for a norm of the space in which the compact @ is embedded. (a); from
now on stands for the ith component of the vector a. The brackets will be omitted when no ambiguity
arises. For the sake of clarity, the following shorthand notation will be used throughout the rest of the
paper: P (instead of Py) and E (instead of Eg).

3. Solution method

Let us assume that stochastic vector functions {A(k, 6) |k > 0} on ® meet the following condition:

n—1
V(01.0,€60.n=1):) R (61,0, (nm)~! > 0. (2)
k=0

Here R (61,6,) = [A(k,61) — Ak, 62)]L7" (k) [A(k, 61) — Ak, 62)]" R (61,62) € R'. Let ©* =
{B,In > 1} be a sequence of estimators of the parameter * which is defined as follows:

Yn>1:6,= arggigef)l(n, 0) 3)

where I(n, 0) = Y1) [X (k) — A(k, )] L1 (k) [X (k) — Ak, 0)]" (¢(mym)~".
Here {t(n)} € N,N = {0, 1,2, ...}, limy_o t(n) — 00,1(n,0) € R!. For each n > 1 define a
functional @ (n, 0, 6,) and a closed set sequence {Z'(n) |n > 1} C O so that

®(n, 0,0, =In,0)—1n,06,), Y(n=>1,0€ E(n)):®n,0,0, <c(n).
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Here {c(n) |n > 1} is a known sequence of non-stochastic functions. For each n > 1 define such
elements 6;(n), Oy (n) € © that

V(=10 5m): VL [m); < 0); < (Bum);].

The sequence of sets {Z*(n) |n > 1} C O is such that
Vn>1:E2%0n) = {9 ‘9 € 6. ¥ [[Bim); < (6); < ()] } -
J:

The sequential design for confidence estimation of the parameter 6* will be regarded as a pair
(y (n), T) where

Vn=1:ym=6y(n)—6.m), t=inf{n=1|VL ((y(m);<§)}.

The properties of the sequential design are described by the following theorem:

Theorem 1. Assume that the following statements are true:

(1) VL1 > 0,8 € 4;

(2) the sequence {A(k, 0)|k > 1} meets condition (2);

(3) with probability 1Vk > 03L, €]0, oo[: Vb1, 6, € O:

m

Y [{AGk. 02)); — Ak, 6020 700 < Lo 161 = 6ol |- |l is a norm in R

(4)

<3

1

J

P (Z k2E (£} (1 (k) < oo) =1

k>0

(5) the sequence of stochastic functions

{Zmel, 9>(nm)-1}
k=1

converges to a limiting function R(6,6) on ® when 6 is fixed; in addition R(61, 6) is a continuous
function on ® and R(61, 0) > 0 when 6, # 0;

(6) t(n) = [nz“] + 1, n > 1, [a]- integral part of the a, r > 0.

n>1

Further, if the sequence {c(n)|n > 1} is such that
ar 72\
Vn>1:cn)=—09 g2 (Z)
m(1 — P)0> 6
the following assertions hold true:

(1) VO* € © : Py« (0" € E*(1)) > P;
(2) VO* € © : Py (1 <00) = 1.

The proof of Theorem 1 appears in the Appendix. It is necessary to note that when t(n) = 7, the
obtained confidence region will have an a priori fixed size which is determined by set A. Conditions
(3), (4) and (5) are used in the proof of the second statement of Theorem 1 only.
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4. Evaluation of the average observation time in the considered sequential design

For practical purposes it is important to evaluate Ey«t—the average observation time for the
sequential design (y (n), 7). Let us estimate the value Ey+7 from above.

Let us set 8* = inf{8; |8; € A}, where A = {81, 85, ...8,}  R!. For some z €]0, oo[ define the
following value:

p =inf{n >s|g(6*/2)*> — 2c(n) > z},

where constants s, g €]0, oo[ are such that
V(G,G/e@,nzs):G(n,@,e/)zg”@—e/”z a.s. (4)

where G (n,6,6") = Y\ R (6,6") (t(mym) ™", n > 1.

Theorem 2. Assume that conditions (1)-(4) of Theorem 1 are met; besides there are known values & >
0,p>0,W > 0and

Eg (supg, g,c0 (1 (1. 01,62))) < In™P, > "n™P < W, where
n>1
t(n)
1,01, 62) = 3 26(RL7 (0 Ak, 62) — AK, 61)" / (E(m) . 1(n, 61, 62) € R.

k=1
In this case, if condition (4) holds true, it is safe to assume that:

(1) Pg= (r < 00) = 1.
(2) EgsT < p +2WIz 72,

The proof of Theorem 2 appears in the Appendix.

5. Discussion

The main idea of the method is based on the research of the behavior of a loss function I(n, 6)
in the neighbourhood of the minimum. For each t(n) the size of the confidence set for the nonlinear
parameter 6 is determined by the value c(n) and by the sensitivity of the loss function I(n, 6) to the
variations of this parameter. The assumption of existence on the compact ® of the Lipschitz constant
for functions {A(k, 0)},-, is not a strong condition, and is met for most nonlinear functions that are
used in regression analysis. Similar assumptions were used by Wu [14] and Skouras [11] in a proof
of the strong consistency of least squares estimates in nonlinear regression models. The bigger the
following values are (q—size of the compact @, K—the upper bound of the noise dispersion values, P.—
confidence coefficient and Ly—the Lipschitz constant), the bigger the value c(n) is, and therefore, the
bigger the size of the confidence set Z*(n) found for a particular t(n). Condition (4) is a requirement
of a strongly convex function (G (n, 6, 9/))0‘5 ,n > 1 on the compact ® with a convexity parameter
2(gq)%>, which follows from the strong convex variant of the Weierstrass Theorem. The greater the
absolute value of the parameter g is, the greater the sensitivity of the function G (n, 0, 9/) to the
variations of the parameter 0 is, and the smaller sample volume t(n) can be used in order to find
a confidence set of given dimensions.

Let us consider a very simple example. Skouras [11] considers the following model y(t) =
exp(—0x(t)) + &£(t), where 8 € [«, B] = O, a > 0, {x(t)} is a sequence of bounded positive regres-
sors. In addition, we assume that P (x(t) € [A, B)) = 1,Vt > 0 : (E£(t) = 0,E&%(t) = 1,E(§}(t))
= WL4), {x(t)} are independent random variables and there exists a constant Z such that

V61, 0, € [a, B] : E (exp(—0,x(k)) — exp(—61x(k)))? < Z < oo.
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In this case,
Ri(61, 62) = (exp(—62x(k)) — exp(—01x(k)))” ,
t(n)
n(n, 01, 6;) = ZZS(k) (exp(—62x(t)) — exp(—01x(1))) t ™' (n).
k=1
According to Skouras [11], for every 6,, 6, € [«, 8] there exist constants ¢, c; > 0 such that
€1162 — 01 x(t) < |exp(—02x(t)) — exp(—01x(t))| < ¢z 1602 — 61| x(t) < 2B |6, — 04].

It is easy to see that

k2

2| E (exp(—6hx(k)) — exp(=01x(k))?> & Z  Zm?
; > 1 kz zZ_

Thus using Kolmogorov’s strong law of large numbers [4], we have

lim Z(exp( 6:2x(1)) — exp(=O1x(k)))* ™"

111‘1‘1 ZE(exp( Gx(k)) — exp(—=61x(k)))> n~" = R(65, 61).

Here function R(6, 6;) has on [«, B8] the Lipschitz constant L = c;B, and therefore is a continuous
function on ®. Besides, R(6;, 8) > 0 when 0; # 6. Further,

P (Z kK2E (5} (k)) = nam?/6 < oo) =1

k>0
and the assumption (4) of Theorem 1 is met. Further, the next inequality is obvious
t(n)
G(n0.0)=> R (0.0) ()" = c} |6 — 12X (1) = IA |0, — 0,
k=1
and condition (4) for the process y(t) holds true. Then V61, 6, € [«, B] : En(n, 61, 6,) = 0, and we
can use the theorem of Dharmadhikari and Jogdeo [2] to get the inequality

t(n)
E (n(n, 01, 0,))" < RAE(0) Y acs 10, — 01 B* = R4 (m)pracs 102 — 61]* B

k=1

Here R(p) = 3p(p — 1) max(1, 2°~3) (1 + %I<$1_2)/2m) K T %.The integral value m is such

that2m < p < 2m+2.In this case we have: IT = R(4) 4¢3 |6, — 64|* B*andW = )", n™? = 72/6.
Thus we have got constants I7, W from the conditions of Theorem 2. Now we have checked all the
assumptions of Theorems 1 and 2 for the considered sample model.

6. Numerical results

The following model was used for the simulation study: y(t) = H-exp(—6x(t)) + & (t). Here {£ (t)}
is a sequence of independent random variables distributed by N(0, 1), and {x(t)} is a sequence of
independent random variables evenly distributed on the interval [0,1],and 6* € [0, 1]. The confidence
coefficient P. and the required size of the confidence interval § are fixed at 0.95 and 0.05, respectively.
In this case if r = 1, the following is true: ¥n > 1:c(n) = 4-7 -H- (n-0.3)7%

The observation was stopped at random moments T = inf{n > 1|6y(n) — 6,(n) < §}, where
Oy (n) is the upper bound of the confidence interval and 6, (n) is the lower bound of the confidence
interval. Thus, at the moment when the observation was stopped, the required value of the confidence
interval for the parameter 6* was achieved.
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Table 1

Confidence intervals of the parameter 6*.

H o* 7(0%) Average lower bound Average upper bound

20 0 8 —0.02 0.02
0.1 8 0.07 0.11
0.15 8 0.11 0.16
0.2 25 0.17 0.22
0.25 56 0.21 0.26

10 0 55 —0.03 0.02
0.1 65 0.06 0.11
0.15 100 0.11 0.15
0.2 105 0.17 0.22
0.25 180 0.23 0.28

The estimate for the average observation time 7(6*) in the sequential design has been defined
as the mean time value in the realizations of the simulation experiment groups. Every experiment
group simulation has been carried out for a fixed unique pair of the model parameters (H, 6*) and
consisted of 20 series. For every experiment group the lower bound of the confidence interval (6;(7))
and upper bound of the confidence interval (6y (7)) were determined. The results are presented in
Table 1. As shown, 7(0*) depends on values of the parameters H and 6* to a significant degree.
Parameter H determines the signal to noise ratio for the observed sample. Therefore, if 6* is fixed,
greater values of the H correspond to smaller values of the 7(6*) and vice versa: smaller values of
the H correspond to greater values of the average observation time 7 (6*). This proves an assumption
that might seem obvious: with fixed P, and 6* we need a smaller volume of the sample to get the
required size of the confidence interval with greater signal to noise ratio as opposed to a sample with
a smaller signal to noise ratio. On the other hand, with fixed P, and H the dependence between values
0* and T(6*) is determined by parametric sensitivity of the functional I(n, ) in the vicinity of the
point 6*. Following [10] we have: the parametric sensitivity of the functional I(n, 8) is characterized
by a coefficient sensitivity k(n, 8) which is defined as a derivative of the functional I (n, 6) with respect
to 6.

Reasoning informally, we can see that the dependence of the value 7(6*) on 6* is obvious enough:
the greater the value of the function k(n, 6) in the vicinity of the point 6* is, the smaller is the value of
the average observation time 7 (6*). In other words, the greater the sensitivity of the functional I(n, )
to variations of the parameter 6 in the vicinity of the point 8*, the smaller the sample volume needed
to design the confidence interval with a given size and fixed value of the confidence coefficient P..

7. Conclusion remarks

In this paper we derived non-asymptotic confidence regions with fixed sizes for the LS estimation
of the multivariate parameter. The solution is based on sequential analysis with no information about
the distribution function of observations. The suggested method can be used for non-asymptotic
estimation of the multivariate parameters of the wide class of nonlinear regressions. The results of
the simulation study proved the efficiency of the suggested method for confidence estimation.

Appendix
Proof of Theorem 1. The proof uses the following facts:

Lemma 1 ([3)). Let {I,(8)}n>1 be a sequence of stochastic functions complying with the conditions:

(1) for each 0 € © the sequence {I,(0)},>1 is consistent with a nondecreasing flow of o-subalgebras
{Fn}nzoi
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(2) foreach 8 € ® when 6* € O is fixed the following relation holds true:
P ( lim 1,(8) = @@, 9*)) -
n—o0

where @ (0, 6*), 0 € O is a real valued function which is continuous on ® and is such that @ (6, 0*)
> @ (0%, 60%),0 # 0%

(3) when n > 1is fixed, the function I,(0), 6* € © is continuous on ®;

(4) for any § > 0 there exists yy > 0 and a function c(y), y > 0,¢c(y) — 0,y — 0, such that for any
0’ € ® andany 0 < y < y, the following relation holds true:

P (hm sup (In(6) — 1,(8") < C(V)) =

T N0-0" <y, 10-0%11=5

Further, if ® is compact then
P (limyoc ||6n — 6% = 0) = 1,
where

O = inf I,,(0
h = arg inf n(6),
[l - || is @ norm of the space in which the compact © is embedded.
Lemma 2. Assume that conditions (1)-(5) of the considered theorem are met. Then
P(1im e.tm — 67| =0) =1,
n—-oo

P(1im eum — 67| =0) =1.

Proof of Lemma 2. The representation

t(n)

I(n,0) = ZRk(Q*, 0) + 2& (k)L™ (k) (Ak, 0%) — Ak, 9))T +E(OL™ (k)ET (k) (t(nym) ™!
k=1
t(n) t(n)

= ZRk(Q* 0) (t(nym)~" +2Zg(k)L (k) (Atk, 6%)
k=
t(n)
— Ak, 0)" (tmym)~" + Z (EGL ' (RET(K)) (t(mym)~!

k=1

is obvious. The properties of the matrixes {L,|n > 1} make it easy to observe that

t(n) m
Jlim Z E((€ (k)72 (k) (tc(mm) ™" =1
k:O]:l
and
t(n)
lim D el (W R (Emm) T =1 as. (5)
= k=1
Consider a process <zt*(n) (9)) ot where
t(n)>

t(n)
zj (0) = kz 26 (kL' (k) (Ak, x(k), 0%) — Ak, x(k), 9))T m!
=0
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Due to the finiteness of the set ©, there exists a finite value ¢ = supy, 9,0 [161 — 62|. It is obvious
that for any 64, 6, € 1 the following representation is possible:

V() = 1,j=1,m): E((r‘?(t(n)))jzlf2 “({A(t(n), 1)); — (A(t(n), 62)))%)
((A(t(n), 61)); — (A(t(n), 92)),’)2 E((5t(m))7L?) < L3161 — 62| < Ljg?
It is easy to observe that Zkzl Lf)qzlf2 < oc¢. Therefore, for any 01, 6, € @
(& (k))? )
k2E j o '
]v1l; ( P ((Ak, 1)) — (A(k, 62));) ) < o0.

By strong law of large numbers, we have:

VO, 0" € : Py (lim £(n) 20 (0) = o) =1, (6)
n—oo
Taking into account (5), (6) and condition 5 of the theorem being proved,
Vo, 6" € @ : Py ( lim I(n, ) = RO, 6) + 1) =1.
n—oo
Hence, condition 2 of Lemma 1 is met. It follows from condition 3 and the Rademachers Theorem [9]
that the function (A(k, 6));, k > 1,j = 1, m is continuous on ® with a probability 1. Therefore, using

the theorem on continuity of a composite function, we conclude that for any finite n > 1 the function
I(n, 6) is continuous on @ and condition 3 of Lemma 1 is met. Let us set

t(n)
G(n,61,6,) = Y R (64,60 (¢cmym)™", n>1.

Further, taking into account condition 3 of the considered theorem,

3(A(K, 0));

Y a0y

j=1

< Losup (k) < KL,
j

and

mac(n,e*,e)_ @ A(k 0); [ (A, 6%);  (Ak, )
]Z] ey ;; : (lj?(k)t(n)m Byt (nym

J

) m A(k 0))j | (Alk, 6%));  (A(k, 0));
< 2(t - —
< 2(tmm) ,Z;]Z; 7 Pl Eh)
Q& A(k 0) | {AG6M); (A, 0));
< 2(tmm)~’ -
22 G
< 2KI§ |6* — 0| < 21<L§q.

For any 61, 6, € ® when 6* is fixed, applying Taylor’s expansion of the function G(n, 8, 8*) at the point
61 we have:

G(na 9*3 91) :G(n7 6*7 92)+D(n» 01792)' (7)

where D (n, 61, 6») is a remainder term and

ID (n, 61, 62)| < 2KL q2| (1),
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Further, (7) allows us to conclude that

m
V(61,60 € ©) :|G(n, 6%, 6;) —G(n, 6%, 6,)| < 21<L§q2 [(61); — (62);] -

j=1
Applying Jensen’s inequality
m 2 m )
(Z |(61); — (62);] m1) <Y O = (02) m,
j=1 j=1
and therefore
m
D On); = (62)s] < 161 — 65] m°>.
j=1
The final conclusion is
V(0%,61,60 € ©,n>1):|G(n, 0% 61) — G (n, 0% 65)| <2KL3q 61 — 6] m*. (8)
Consider the following events:
t(n)
wn € Fy 2 B(n, 6%, 01,0,) +2) &L (k) (Ak, 62) — Ak, 61))" (¢(mm) ™| < Ly]|61 — 6],
k=0

@n € Fy 2 |B(n,0%,01,6)| < L1]61 — 6a,

where B(n, 0%, 61, 6,) = |G (n, 6%, 61) — G (n, 6%, 6,)|, Ly = 2KL3gm">.
Taking (8) and (6) into account for any 6*, 61, 6, € O,

Py (nm w, = Tim @n) =1,

n—oo n—oo
i.e. for any y > 0 we can use the following representation:

P9*<lim sup |I(n,6,) —1(n,6,)] = lim sup |B(n, 0% 6;,6,)

1790 161~z 1l <y =90 |11 -6l <y

t(n)
+ 2 EL (k) Ak, 62) — Ak, 6:)"/(E(m)m)

k=0

<L1y> =1. 9)

Given (9), condition 4 of Lemma 1 is met with the function c¢(y) = L;y. Therefore, for the sequence
{I(n, 0)|n > 1} all the conditions of Lemma 1 are met; so

Pye ( lim [0, — 6] =0) =1. (10)
n—oo
Further,
V@e@:Pg(lim c(n)=0>=1. (11)
n—oo

Consider an arbitrary sequence {é,,ln > 1} of the elements of the compact ® such that
n=1: (6, € 81,0, #6,).

For the sequence {5n|n > 1} there exists a real positive sequence ¢ = {g;|n > 1} which can be
described as follows:

n=>1:0,(e) = arg inf |®(n, 0, 6) — &nl
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It is obvious that
n>1:30" € E() : Py« (¢, < c(n)) = 1. (12)

Let us check whether conditions 2 and 4 of Lemma 1 are met for the sequence of functionals
{l®(n, 6, 6;) — enl}y>1- (It is obvious that the rest of the conditions are met.)
Taking into account (11) and (12),

n>1, 0*6@:P9*<lim £n=0)=1.
n—oo
Besides,
Py <lim |@(n,0,6,) — &xl = [RO,6%) — RO, 6%)| = |R(O, 9*)|) =1,
n—oo

where the function |R(6, 6*)| has the only minimum on ® at # = 6* and is continuous. Therefore,
condition 2 of Lemma 1 is met. For any 61, 6, € ©®

1@, 01, 00) — ex] — |@(n, 62, 0y) — &4l| < |1(n, 01) —I(n, 62)].
Taking (8) into account, for any 61, 6, € ©®

Vinz=1y >0): Py <lim sup  [|@(n, 01, 6p) — &nl — [P (1, 02, 6) — enl| < L1y> =1

0101 -6, 1<y

In this case for the sequence {|® (n, 0, 6,) — &,1},> condition 4 of Lemma 1 is met with the function
c(y) = Ly based on Lemma 1.

Pov ( Jim [Ba(en) — 6" =0) = 1.

Due to the arbitrary choice of the sequence {6, (s,) In > 1}

):1
)=1

From the strong consistency of the sequences {6;(n) [n > 1} and {6y (n) [n > 1} it follows that t
is an end point which means that the second assertion of the considered theorem holds true.

When an assertion x implies an assertion y, we will use the following notation: x = y. If an event
w(1) leads to an event w(2), we will write w(1) C w(2). Further, for any 61,6, € ®, n > 1 consider
a value

v P+ (nlglgo ‘(QL(”));' - (0*)j =

j=1

8 e (i e~ )

Hence, Lemma 2 is proven. H

t(n)
n(n, 01, 6,) = Y 26 (WL (k) (A(k, 62) — Ak, 7)) (e(mym) "

k=1
It is obvious that

&L & ((EUNT [ (A, 01); — (Alk, 02));\
E(r'n. 61.62)) ( Z( E(k) )( Lot (mym >

k=1 j=1

O (EWTY (A 1) — (A, ) )
J(;Z (12(k>> ( ot (mm )
t(n)
=4) E(R(61,62)) (t(mym)~
k=1
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Further, taking into account condition 3 of the considered theorem,

t(n)
4 E(R(01, 65)) (t(mym) ™2 < 4L3q*(t(mym?) .
k=1

For the sake of brevity, the following shorthand notations will be used:
g(n, ®) = Eg« (n(n, 6,,0)), x(n,e) =n(n,0,,60)—¢cn,e), 6cO.
Further, forany 6 € &
Po (In(n, Oy, 0)| < c(n)) = Pox (Ix(n, ) +&(n, -)| < c(n))
> Pox (Ix(n, @)| 4 Eg« [n(n, 6, 0)| < c(n)) = Py= (Ix (n, @) < c(n) — Eg= [n(n, 6, 0)|)
Further,
YO € O : Egs [n(n, 6,, 0)* < 4L2q*(t(nym*)~".

However, according to Lyapunov’s inequality

—0.5
V0 € 6 : Eg- In(n, 60, )| < (Eo- In(n, 6, 0)17) "

SO
1,05 -1
V0 € 6 : Ege In(n, 0, 0)| < (424 cmm>) )" = 21 (m t(n)) .
Further,
(t(n))—o.s _ ([n2+r] + 1)*0-5 < [n2+r]*0-5 < n—r/27 n>o0.
That is why

VO € O : Eg [n(n, 6, )] < 2L () "> m™" < c(m) (1 — P)*° (x2/6) " /2.

It is obvious that (1 — P¢)%° < 1u (712/6)_0'5 < 1;s0
VO € © : Eg« |n(n, 6,,0)| <c(n)/2
and for t = c(n)/2 — Eg« |n(n, 6,, 8)| > 0 we have
Py« (In(n, 6n, )| < c(n)) = Py (Ix (n, ®) < c(n)| — Ep= [n(n, 6y, 0)])
=Py« (Ix(n, )| < c(m)/2+1) = Pox (Ix(n, )| < c(n)/2).
Further,
VO € O : Py= (In(n, 6y, 0)| > c(n)) < Py« (|x(n, ®)| > c(n)/2).
Chebyshev’s inequality allows us to say that
Po (Ix(n, ®)] > c(n)/2) < 4c~(MEg+ (x (n, »))?
< 4 (MEp- [1(n, 6, 0)]” < 16¢ 7 (m)L5q* (t(mm*) ™"
and
Y0 € O : Py« (In(n, 0y, 0)| > c(n)) < 16c2(n)Lyq* (t(mym?) ™. (13)
The following representation is possible:
®(n,6,6,) =G(n,60%60)—G(n, 6% 6,)+nn6,0)>0n>1 6€co6.

If0 = 6* then G (n, 6*,0) — G (n, 6*, 6,) < 0 and the parameter 6* does not belong to the set = (n)
only if n(n, 6,, 6*) is such that

I(n, 6*) —1(n, 6;) = G (n, 6*,0%) — G (n, 6%, 6,) + n(n, 6, 6%) > c(n). (14)
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Consider a situation when |5(n, 6,, 6*)| < c(n).In this case it is obvious thatI(n, 8*) —I1(n, 6,) < c(n)
because sign (I(n, 0*) — I(n, 6,)) = sign (G (n, 6*,0*) — G (n, 0%, 6,)) = —1.In other words, if
[n(n, 6y, 0%)| < c(n) then #* € Z(n) and on the set & (n) the following conclusions hold true:

vn>1:(|nn, 6, 0%| <c)) = (0* € () = (0* € * (). (15)
Using (15),

vn>1:P(|n(n, 6, 0% <c) <P(0* € ).
Taking (13) into account,

V(n>1,0"€®):P(0* & E* ) <P (|nn, 6p,6%]| > cn) < 16c>m)Lq*(t(mym*)~".
Consider now the probability of the event w, : 6* ¢ &*(7) not happening.

P(O*¢E* () =Y P(O0"¢E (. t=n)<) P(0"¢E"n)

n>1 n>1
< Zch 2(Lg* (tmm*) ™" < (16L3¢° Zc Zmyt~'(n)
n>1 n>1
—(1—P)< ) > ot (n)—(]—P)( ) o (] +1)
n>1 n>1
<(1—P)( ) ZnT—Zr: _Pc~
n>1
Here we have taken into account that ) _ n?= %2. Hence,

P(0* € E*(1)) = P,

and we have proved the first statement of Theorem 1. It is obvious that the rectangular parallelepiped
E*(t) is a confidence parallelepiped for the parameter 6*. It complies with the requirements
formulated in the statement of the problem and is fully determined by the vectors 6,(n), 6y (n).
The implementation of the suggested sequential design (y (n), T) is aimed at calculation of these
vectors. H

Proof of Theorem 2. Taking into account that G (n, 6*,0*) =0,n > 1,
n>1:1n,60y(m) —I(n,60% = G(n, 0%, 0y(n)) + G (n, 6%, 0%) + n(n, 6*, 6y (n))
= G(n, 0%, 6y(n)) + n(n, 6*, 6y(n)) = 0.
In a similar manner,
vn > 1:1(n, 6,(n) —I(n,6%) = G (n, 6%, 6.(n)) + n(n, 6*, 6y(n)) > 0.
LetussetH = 2 ||6* — 6y (n)|| ||0* — 6.(n)||. Consider the following events:
wy(0,n) : {I(n, %) —I(n, 6y (n) < g(6*/2)*}
wy(1,n) : {G(n, 6%, 6y(n) = c(n) + n(n, 6%, 6,) + s(n, 6%, 6y (n)) < g(8*/2)*}
w(0,n) : {I(n, 6%) — I(n, B(n)) < g(5%/2)*}
wi(1,n) : {G(n, 6%, 6,(n)) = c(n) + n(n, 6.(n), 6%) +s(n, 0%, 6.(n)) < g(5*/2)}
wod.m : {[6* = oum|” = /2]

o |07 — o | < 67/277)
w(x,n): {H < (8%)%/2}.
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Here

s(n, 0%, 0y (n)) = c(n) — (G (n, 0%, 6y (n)) + n(n, 6*, Oy (n))),

s(n, 0%, 6, () = c(n) — (G (n, 0%, 6, (M) + n(n, 6%, 6,(n))) .
Since

(G(n, 0%, 6y(m)) + n(n,6*,6y(n))) > 0 and (G (n, 6%, 6.()) + n(n, 6%, 6,(n))) > 0,
we have

s(n, 0%, 0y (n)) < c(n), s(n, 8%, 6.(n)) < c(n). (16)

Because of [|6* — 6y (n)|1* + 16* — 6. || > |16y (n) — 6,(n)||*> — H the following implications are
true:

(lo" —em|® = 6*/2?) & (| - eum|” = 6/2?)

= (lo" = o ]” + o — o]’ = 692/2).

(H < (3"2/2)

= ([6* = @]+ 6" = 6| = 6w - I~ H = 60w - 6. — (5°)?/2)

= [(He* —om |’ + 0" — ]|’ < (5*)2/2)

= (I6u(m) — o> = (69)°/2 < (89%/2)}

= (l6u(m) — 6.)* < (5%)%) = (I16u(n) — o)l < 5*).
Further taking (4) into account,

wy(1,n) C wy(4,n), w(1,n) C w (4, n). (17)
Using the triangle inequality and taking (17) into account,

wy(l,n) - w(1,n) C wy(4,n) - w(4,n) C w(*,n)

C oG, : {||9* —oym |’ + |o* — o) < (5*)2/2}
C w(6,n): {||«9U(n) -0 < 8*} Cow(7,n):{t <n}.

Assume the following notation for the events:

wy(8,n) : {n(n, 0%, 6y () +s(n, 6*, 0y (n)) < g(8*/2)> — c(m)}

wi(8,n) : {n(n, 6%, 6.(n)) +s(n, 6%, 6,(n)) < g(8*/2)* — c(m)}

wy(9, 1) : {|n(n, 6%, 6y (m)| + c(n) < g(8*/2)* — c(m)}

w9, 1) : {[n(n, 6%, 60,()| + c(n) < g(8*/2)> — c(m)}

@y(9,n) : {|n(n, 6%, 6y ()| > g(6*/2)* — 2c(n)}

(9, n) : {|n(n, 0%, 6.())| > g(8*/2)> — 2c(m)} .
Using Boole’s inequality and (16),

Vi > p 2 Py (wu(1, 1) - (1, 1)) = Py (wy(8, 1) - (8, n)) = Py (wy(9, n) - (9, 1))
> 1= (Py (@u(8, 1) + Pps (@1.(8,m))) = 1= (P (|n(n, 0%, 6y ()| > 2)

+ P (In(n, 6%, 6.(n))| > 2)). (18)
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Taking the condition of the considered theorem into account:

V(n=1,0,0"€6):Ep (1°(n,0,0)) < Egr ( sup (n(n, 6, 9/))) <mnP.
01,0,€0

Further, using Chebyshev’s inequality
V(n=1;0,0" € ©): Py (|n(n,0,0")| >z) <Eg= (n*(n,0,0))z7* < MnPz*. (19)
It follows from (18) that for any o €]0, 1]
(Pox (wy(1,n) - (1,n)) > ) = (Ppx (1 <n) >a) = P+ (t >n) <1—a), n>1.
In this case, using (18) and (19) whenn > p
Py« (T > n) < Py« (|n(n, 0%, 0y()| > z) + Po= (|n(n, 0%, 6,(n))| > z) < 2Mn"Pz ™%
And taking the condition of the theorem into account, we can say that

Ept =) Ppe(r>n)<p+y 2[n7Pz*<p+20Wz "

n>1 n>1

Hence, the second statement of the theorem is proved. It also follows that

ZPQ* (t >n) <oo.

n>1
Using the Borel-Cantelli Lemma, we may conclude that
Py« (1 <00) =1

and the first statement of the theorem is proven. M
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