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In this paper we consider a sequential design for the estimation
of nonlinear parameters of regression with guaranteed accuracy.
Non-asymptotic confidence regions with fixed sizes for the least
squares estimates are used. The obtained confidence region is valid
for finite numbers of data points when the distributions of the ob-
servations are unknown.
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1. Introduction

In this paper we investigate some non-asymptotic properties of the least squares estimates for
nonlinear parameters of regression. Lately there has been considerable interest in nonlinear models
in different practical fields, especially in economics. The primary reason behind this interest is the
fact that linear models, while having a wide variety of practical applications, did not quite meet the
expectations. The asymptotic properties of nonlinear least squares estimates are well investigated
and discussed [1,5–8,12,14]. At the same time, only few results addressing the finite sample properties
exist,whereas the non-asymptotic solution for the problemof the parameter estimation for regression
is practically important because the sample volume is always limited from above. Non-asymptotic
estimation of the scalar parameter of nonlinear regression by means of confidence regions was
examined by Timofeev [12]. A similar estimation of the multivariate parameter was researched by
Timofeev [13]. In this paper a sequential design is suggested that will make it possible to solve the
problem of nonlinear estimation of multivariate parameter of regression by means of confidence
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regions in the non-asymptotic setting. As opposed to the method suggested by Timofeev [13], the
solution presented in this paper does not use explicit expressions for the gradients of the loss function.
The solution was obtained under the condition that distributions of observations are unknown. The
mean observation time was estimated in the suggested sequential design.

2. Statement of the problem

A stochastic process X = {X(k)|k ≥ 0} satisfies the following equation

X(k) = A(k, θ∗)+ ξ(k), k ≥ 1, (1)

where X(k), A(k, θ∗), ξ(k) ∈ Rm. The nonlinear functions {A(k, θ∗) |k ≥ 0 } are defined. A vector
sequence {ξ(k) |k ≥ 1 }with unknown distribution is such that

∀k ≥ 0 :
(
E (ξ(k)) = 0, E

(
ξ(k)ξ(k)T

)
= L(k)

)
,

where {L(k) |k ≥ 0 } is a known sequence of non-random diagonal matrixes m × m that can be des-
cribed as follows:

∀k ≥ 0 : L(k) = diag
(
l21(k), . . . , l

2
m(k)

)
, ∃K : ∀mj=1l

2
j (k) < K <∞.

An unknown parameter θ∗ belongs to a closed ball Θ embedded in an m-dimensional Euclidean
space Rm.
Let ∆ = {δ1, δ2, . . . , δm} ⊆ R1,∀δj ∈ ∆ : δj ∈]0,∞[ be a set of required dimensions of the

confidence parallelepiped. Pc ∈]0, 1[ is the required value of the confidence coefficient.
We need to develop a sequential design for confidence estimation of the parameter θ∗ that would

determine:

• the stochastic stopping time τ ≥ 1,
• a rule for building a confidence rectangular parallelepipedΞ(τ ) in the compactΘ ,

that meet the following conditions:

Pθ∗
(
θ∗ ∈ Ξ(τ )

)
≥ Pc, Pθ∗(τ <∞) = 1,

∀θ1, θ2 ∈ Ξ(τ ) : ∀
m
j=1

∣∣〈θ1〉j − 〈θ2〉j∣∣ ≤ δj, δj ∈ ∆.

From now on, ‖·‖ stands for a norm of the space in which the compact Θ is embedded. 〈a〉i from
now on stands for the ith component of the vector a. The brackets will be omitted when no ambiguity
arises. For the sake of clarity, the following shorthand notation will be used throughout the rest of the
paper: P (instead of Pθ ) and E (instead of Eθ ).

3. Solution method

Let us assume that stochastic vector functions {A(k, θ) |k ≥ 0 } onΘ meet the following condition:

∀ (θ1, θ2 ∈ Θ, n ≥ 1) :
n−1∑
k=0

Rk (θ1, θ2) (nm)−1 > 0. (2)

Here Rk (θ1, θ2) = [A(k, θ1)− A(k, θ2)] L−1(k) [A(k, θ1)− A(k, θ2)]T , Rk (θ1, θ2) ∈ R1. Let Θ∗ =
{θn|n ≥ 1} be a sequence of estimators of the parameter θ∗ which is defined as follows:

∀n ≥ 1 : θn = arg inf
θ∈Θ
I(n, θ) (3)

where I(n, θ) =
∑t(n)
k=1 [X(k)− A(k, θ)] L

−1(k) [X(k)− A(k, θ)]T (t(n)m)−1.
Here {t(n)} ⊆ N,N = {0, 1, 2, . . .}, limn→∞ t(n) → ∞, I(n, θ) ∈ R1. For each n ≥ 1 define a

functionalΦ (n, θ, θn) and a closed set sequence {Ξ(n) |n ≥ 1 } ⊆ Θ so that

Φ (n, θ, θn) = I(n, θ)− I(n, θn), ∀ (n ≥ 1, θ ∈ Ξ(n)) : Φ (n, θ, θn) ≤ c(n).
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Here {c(n) |n ≥ 1 } is a known sequence of non-stochastic functions. For each n ≥ 1 define such
elements θL(n), θU(n) ∈ Θ that

∀ (n ≥ 1, θ ∈ Ξ(n)) : ∀mj=1
[
〈θL(n)〉j ≤ 〈θ〉j ≤ 〈θU(n)〉j

]
.

The sequence of sets {Ξ∗(n) |n ≥ 1 } ⊆ Θ is such that

∀n ≥ 1 : Ξ∗(n) =
{
θ

∣∣∣∣θ ∈ Θ, m∀j=1 [〈θL(n)〉j ≤ 〈θ〉j ≤ 〈θU(n)〉j]
}
.

The sequential design for confidence estimation of the parameter θ∗ will be regarded as a pair
(γ (n), τ ) where

∀n ≥ 1 : γ (n) = θU(n)− θL(n), τ = inf
{
n ≥ 1

∣∣∀mj=1 (〈γ (n)〉j ≤ δj)} .
The properties of the sequential design are described by the following theorem:

Theorem 1. Assume that the following statements are true:

(1) ∀mj=1δj > 0, δj ∈ ∆;
(2) the sequence {A(k, θ)|k ≥ 1}meets condition (2);
(3) with probability 1∀k ≥ 0∃L0 ∈]0,∞[: ∀θ1, θ2 ∈ Θ:

m
∀
j=1

∣∣〈A(k, θ1)〉j − 〈A(k, θ2)〉j∣∣ l−2j (k) ≤ L0 ‖θ1 − θ2‖ , ‖ · ‖ is a norm in Rm;
(4)

m
∀
j=1
P

(∑
k≥0

k−2E
(
ξ 4j (k)l

−4
j (k)

)
<∞

)
= 1;

(5) the sequence of stochastic functions{
n∑
k=1

Rk(θ1, θ)(nm)−1
}
n≥1

converges to a limiting function R(θ1θ) on Θ when θ1 is fixed; in addition R(θ1, θ) is a continuous
function onΘ and R(θ1, θ) > 0 when θ1 6= θ ;

(6) t(n) =
[
n2+r

]
+ 1, n ≥ 1, [a]- integral part of the a, r > 0.

Further, if the sequence {c(n)|n ≥ 1} is such that

∀n ≥ 1 : c(n) =
4L0

m(1− Pc)0.5
· n−r/2

(
π2

6

)0.5
,

the following assertions hold true:

(1) ∀θ∗ ∈ Θ : Pθ∗ (θ∗ ∈ Ξ∗(τ )) ≥ Pc;
(2) ∀θ∗ ∈ Θ : Pθ∗ (τ <∞) = 1.

The proof of Theorem 1 appears in the Appendix. It is necessary to note that when t(n) = τ , the
obtained confidence region will have an a priori fixed size which is determined by set ∆. Conditions
(3), (4) and (5) are used in the proof of the second statement of Theorem 1 only.

q
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4. Evaluation of the average observation time in the considered sequential design

For practical purposes it is important to evaluate Eθ∗τ—the average observation time for the
sequential design (γ (n), τ ). Let us estimate the value Eθ∗τ from above.
Let us set δ∗ = inf {δi |δi ∈ ∆ }, where ∆ = {δ1, δ2, . . . δm} ⊆ R1. For some z ∈]0,∞[ define the

following value:

ρ = inf
{
n ≥ s

∣∣g(δ∗/2)2 − 2c(n) ≥ z } ,
where constants s, g ∈]0,∞[ are such that

∀
(
θ, θ ′ ∈ Θ, n ≥ s

)
: G
(
n, θ, θ ′

)
≥ g

∥∥θ − θ ′∥∥2 a.s. (4)

where G
(
n, θ, θ ′

)
=
∑t(n)
k=1 Rk

(
θ, θ ′

)
(t(n)m)−1 , n ≥ 1.

Theorem 2. Assume that conditions (1)–(4) of Theorem 1 are met; besides there are known values π >
0, p > 0,W > 0 and

Eθ∗
(
supθ1,θ2∈Θ(η

4(n, θ1, θ2))
)
≤ Πn−p,

∑
n≥1

n−p ≤ W , where

η(n, θ1, θ2) =
t(n)∑
k=1

2ξ(k)L−1(k) (A(k, θ2)− A(k, θ1))T / (t(n)m) , η(n, θ1, θ2) ∈ R1.

In this case, if condition (4) holds true, it is safe to assume that:

(1) Pθ∗ (τ <∞) = 1.
(2) Eθ∗τ ≤ ρ + 2WΠz−4.

The proof of Theorem 2 appears in the Appendix.

5. Discussion

The main idea of the method is based on the research of the behavior of a loss function I(n, θ)
in the neighbourhood of the minimum. For each t(n) the size of the confidence set for the nonlinear
parameter θ is determined by the value c(n) and by the sensitivity of the loss function I(n, θ) to the
variations of this parameter. The assumption of existence on the compactΘ of the Lipschitz constant
for functions {A(k, θ)}k>0 is not a strong condition, and is met for most nonlinear functions that are
used in regression analysis. Similar assumptions were used by Wu [14] and Skouras [11] in a proof
of the strong consistency of least squares estimates in nonlinear regression models. The bigger the
following values are (q—size of the compactΘ, K—the upper bound of the noise dispersion values, Pc—
confidence coefficient and L0—the Lipschitz constant), the bigger the value c(n) is, and therefore, the
bigger the size of the confidence setΞ∗(n) found for a particular t(n). Condition (4) is a requirement
of a strongly convex function

(
G
(
n, θ, θ ′

))0.5
, n ≥ 1 on the compact Θ with a convexity parameter

2(gq)0.5, which follows from the strong convex variant of the Weierstrass Theorem. The greater the
absolute value of the parameter g is, the greater the sensitivity of the function G

(
n, θ, θ ′

)
to the

variations of the parameter θ is, and the smaller sample volume t(n) can be used in order to find
a confidence set of given dimensions.
Let us consider a very simple example. Skouras [11] considers the following model y(t) =

exp(−θx(t))+ ξ(t), where θ ∈ [α, β] = Θ, α > 0, {x(t)} is a sequence of bounded positive regres-
sors. In addition, we assume that P (x(t) ∈ [A, B]) = 1, ∀t ≥ 0 : (Eξ(t) = 0, Eξ 2(t) = 1, E(ξ 4j (t))
= µ4), {x(t)} are independent random variables and there exists a constant Z such that

∀θ1, θ2 ∈ [α, β] : E (exp(−θ2x(k))− exp(−θ1x(k)))2 ≤ Z <∞.
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In this case,

Rk(θ1, θ2) = (exp(−θ2x(k))− exp(−θ1x(k)))2 ,

η(n, θ1, θ2) =
t(n)∑
k=1

2ξ(k) (exp(−θ2x(t))− exp(−θ1x(t))) t−1(n).

According to Skouras [11], for every θ2, θ1 ∈ [α, β] there exist constants c2, c1 > 0 such that

c1 |θ2 − θ1| x(t) ≤ |exp(−θ2x(t))− exp(−θ1x(t))| ≤ c2 |θ2 − θ1| x(t) ≤ c2B |θ2 − θ1| .

It is easy to see that
∞∑
k=1

E (exp(−θ2x(k))− exp(−θ1x(k)))2

k2
≤

∞∑
k=1

Z
k2
=
Zπ2

6
.

Thus using Kolmogorov’s strong law of large numbers [4], we have

lim
n→∞

n∑
k=1

(exp(−θ2x(k))− exp(−θ1x(k)))2 n−1

= lim
n→∞

n∑
k=1

E (exp(−θ2x(k))− exp(−θ1x(k)))2 n−1 = R(θ2, θ1).

Here function R(θ, θ1) has on [α, β] the Lipschitz constant L = c2B, and therefore is a continuous
function onΘ . Besides, R(θ1, θ) > 0 when θ1 6= θ . Further,

P

(∑
k≥0

k−2E
(
ξ 4j (k)

)
= µ4π

2/6 <∞

)
= 1;

and the assumption (4) of Theorem 1 is met. Further, the next inequality is obvious

G
(
n, θ, θ ′

)
=

t(n)∑
k=1

Rk
(
θ, θ ′

)
t(n)−1 ≥ c21 |θ2 − θ1|

2 x2(t) ≥ c21A
2
|θ2 − θ1|

2

and condition (4) for the process y(t) holds true. Then ∀θ1, θ2 ∈ [α, β] : Eη(n, θ1, θ2) = 0, and we
can use the theorem of Dharmadhikari and Jogdeo [2] to get the inequality

E (η(n, θ1, θ2))4 ≤ R(4)t−3(n)
t(n)∑
k=1

µ4c42 |θ2 − θ1|
4 B4 = R(4)t−2(n)µ4c42 |θ2 − θ1|

4 B4.

Here R(p) = 1
2p(p− 1)max(1, 2

p−3)
(
1+ 2

pK
(p−2)/2m
2m

)
, K=2m

∑m
r=1

r2m−1
(r−1)! . The integral valuem is such

that 2m ≤ p < 2m+2. In this casewehave:Π = R(4)µ4c42 |θ2 − θ1|
4 B4 andW =

∑
n≥1 n

−2
= π2/6.

Thus we have got constantsΠ,W from the conditions of Theorem 2. Nowwe have checked all the
assumptions of Theorems 1 and 2 for the considered sample model.

6. Numerical results

The followingmodel was used for the simulation study: y(t) = H ·exp(−θx(t))+ξ(t). Here {ξ(t)}
is a sequence of independent random variables distributed by N(0, 1), and {x(t)} is a sequence of
independent randomvariables evenly distributed on the interval [0,1], and θ∗ ∈ [0, 1]. The confidence
coefficient Pc and the required size of the confidence interval δ are fixed at 0.95 and 0.05, respectively.
In this case if r = 1, the following is true: ∀n ≥ 1 : c(n) = 4 · π · H · (n · 0.3)−0.5.
The observation was stopped at random moments τ = inf {n ≥ 1 |θU(n)− θL(n) ≤ δ }, where

θU(n) is the upper bound of the confidence interval and θL(n) is the lower bound of the confidence
interval. Thus, at themomentwhen the observationwas stopped, the required value of the confidence
interval for the parameter θ∗ was achieved.
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Table 1
Confidence intervals of the parameter θ∗ .

H θ∗ τ̄ (θ∗) Average lower bound Average upper bound

20 0 8 −0.02 0.02
0.1 8 0.07 0.11
0.15 8 0.11 0.16
0.2 25 0.17 0.22
0.25 56 0.21 0.26

10 0 55 −0.03 0.02
0.1 65 0.06 0.11
0.15 100 0.11 0.15
0.2 105 0.17 0.22
0.25 180 0.23 0.28

The estimate for the average observation time τ̄ (θ∗) in the sequential design has been defined
as the mean time value in the realizations of the simulation experiment groups. Every experiment
group simulation has been carried out for a fixed unique pair of the model parameters (H, θ∗) and
consisted of 20 series. For every experiment group the lower bound of the confidence interval (θ̄L(τ ))
and upper bound of the confidence interval (θ̄U(τ )) were determined. The results are presented in
Table 1. As shown, τ̄ (θ∗) depends on values of the parameters H and θ∗ to a significant degree.
Parameter H determines the signal to noise ratio for the observed sample. Therefore, if θ∗ is fixed,
greater values of the H correspond to smaller values of the τ̄ (θ∗) and vice versa: smaller values of
the H correspond to greater values of the average observation time τ̄ (θ∗). This proves an assumption
that might seem obvious: with fixed Pc and θ∗ we need a smaller volume of the sample to get the
required size of the confidence interval with greater signal to noise ratio as opposed to a sample with
a smaller signal to noise ratio. On the other hand, with fixed Pc and H the dependence between values
θ∗ and τ̄ (θ∗) is determined by parametric sensitivity of the functional I(n, θ) in the vicinity of the
point θ∗. Following [10] we have: the parametric sensitivity of the functional I(n, θ) is characterized
by a coefficient sensitivity k(n, θ)which is defined as a derivative of the functional I(n, θ)with respect
to θ .
Reasoning informally, we can see that the dependence of the value τ̄ (θ∗) on θ∗ is obvious enough:

the greater the value of the function k(n, θ) in the vicinity of the point θ∗ is, the smaller is the value of
the average observation time τ̄ (θ∗). In otherwords, the greater the sensitivity of the functional I(n, θ)
to variations of the parameter θ in the vicinity of the point θ∗, the smaller the sample volume needed
to design the confidence interval with a given size and fixed value of the confidence coefficient Pc .

7. Conclusion remarks

In this paper we derived non-asymptotic confidence regions with fixed sizes for the LS estimation
of the multivariate parameter. The solution is based on sequential analysis with no information about
the distribution function of observations. The suggested method can be used for non-asymptotic
estimation of the multivariate parameters of the wide class of nonlinear regressions. The results of
the simulation study proved the efficiency of the suggested method for confidence estimation.

Appendix

Proof of Theorem 1. The proof uses the following facts:

Lemma 1 ([3]). Let {In(θ)}n≥1 be a sequence of stochastic functions complying with the conditions:

(1) for each θ ∈ Θ the sequence {In(θ)}n≥1 is consistent with a nondecreasing flow of σ -subalgebras
{Fn}n≥0;
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(2) for each θ ∈ Θ when θ∗ ∈ Θ is fixed the following relation holds true:

P
(
lim
n→∞

In(θ) = Φ(θ, θ∗)
)
= 1,

whereΦ(θ, θ∗), θ ∈ Θ is a real valued function which is continuous onΘ and is such that Φ(θ, θ∗)
> Φ(θ∗, θ∗), θ 6= θ∗.

(3) when n ≥ 1 is fixed, the function In(θ), θ∗ ∈ Θ is continuous onΘ;
(4) for any δ > 0 there exists γ0 > 0 and a function c(γ ), γ > 0, c(γ )→ 0, γ → 0, such that for any

θ ′ ∈ Θ and any 0 < γ < γ0 the following relation holds true:

P

(
lim
n→∞

sup
‖θ−θ ′‖<γ ,‖θ−θ∗‖≥δ

(
In(θ)− In(θ ′)

)
< c(γ )

)
= 1.

Further, if Θ is compact then

P
(
limn→∞

∥∥θn − θ∗∥∥ = 0) = 1,
where

θn = arg inf
θ∈Θ
In(θ),

‖ · ‖ is a norm of the space in which the compact Θ is embedded.

Lemma 2. Assume that conditions (1)–(5) of the considered theorem are met. Then

P
(
lim
n→∞

∥∥θL(n)− θ∗∥∥ = 0) = 1,
P
(
lim
n→∞

∥∥θU(n)− θ∗∥∥ = 0) = 1.
Proof of Lemma 2. The representation

I(n, θ) =
t(n)∑
k=1

Rk(θ∗, θ)+ 2ξ(k)L−1(k)
(
A(k, θ∗)− A(k, θ)

)T
+ξ(k)L−1(k)ξ T(k) (t(n)m)−1

=

t(n)∑
k=1

Rk(θ∗, θ) (t(n)m)−1 + 2
t(n)∑
k=1

ξ(k)L−1(k)
(
A(k, θ∗)

− A(k, θ))T (t(n)m)−1 +
t(n)∑
k=1

(
ξ(k)L−1(k)ξ T(k)

)
(t(n)m)−1

is obvious. The properties of the matrixes {Ln|n ≥ 1}make it easy to observe that

lim
n→∞

t(n)∑
k=0

m∑
j=1

(
E(〈ξ(k)〉2j l

−2
j (k))

)
(t(n)m)−1 = 1

and

lim
n→0

t(n)∑
k=1

ξ(k)L−1(k)ξ T(k)(t(n)m)−1 = 1 a.s. (5)

Consider a process
(
z∗t(n)(θ)

)
t(n)≥1

, where

z∗t(n)(θ) =
t(n)∑
k=0

2ξ(k)L−1(k)
(
A(k, x(k), θ∗)− A(k, x(k), θ)

)Tm−1.
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Due to the finiteness of the set Θ , there exists a finite value q = supθ1,θ2∈Θ ‖θ1 − θ2‖. It is obvious
that for any θ1, θ2 ∈ 1 the following representation is possible:

∀(t(n) ≥ 1, j = 1,m) : E
(
〈ξ(t(n))〉2j l

−2
j · (〈A(t(n), θ1)〉j − 〈A(t(n), θ2)〉j)

2)
=
(
〈A(t(n), θ1)〉j − 〈A(t(n), θ2)〉j

)2 E (〈ξ(t(n))〉2j l−2j ) ≤ L20 ‖θ1 − θ2‖ ≤ L20q2.
It is easy to observe that

∑
k≥1 L

2
0q
2k−2 <∞. Therefore, for any θ1, θ2 ∈ Θ

m
∀
j=1

∑
k≥1

k−2E

(
〈ξ(k)〉2j
l2j (k)

(
〈A(k, θ1)〉j − 〈A(k, θ2)〉j

)2)
<∞.

By strong law of large numbers, we have:

∀θ, θ∗ ∈ Θ : Pθ∗
(
lim
n→∞

t(n)−1z∗t(n)(θ) = 0
)
= 1. (6)

Taking into account (5), (6) and condition 5 of the theorem being proved,

∀θ, θ∗ ∈ Θ : Pθ∗
(
lim
n→∞

I(n, θ) = R(θ∗, θ)+ 1
)
= 1.

Hence, condition 2 of Lemma 1 is met. It follows from condition 3 and the Rademachers Theorem [9]
that the function 〈A(k, θ)〉j, k ≥ 1, j = 1,m is continuous onΘ with a probability 1. Therefore, using
the theorem on continuity of a composite function, we conclude that for any finite n ≥ 1 the function
I(n, θ) is continuous onΘ and condition 3 of Lemma 1 is met. Let us set

G (n, θ1, θ2) =
t(n)∑
k=1

Rk (θ1, θ2) (t(n)m)−1 , n ≥ 1.

Further, taking into account condition 3 of the considered theorem,

m
∀
j=1

∣∣∣∣∂〈A(k, θ)〉j∂〈θ〉j

∣∣∣∣ ≤ L0 sup
j
l2j (k) ≤ KL0

and

m
∀
j=1

∂G(n, θ∗, θ)
∂〈θ〉j

= 2
t(n)∑
k=0

m∑
j=1

∂〈A(k, θ)〉j
∂〈θ〉j

(
〈A(k, θ∗)〉j
l2j (k)t(n)m

−
〈A(k, θ)〉j
l2j (k)t(n)m

)

≤ 2 (t(n)m)−1
t(n)∑
k=0

m∑
j=1

∂〈A(k, θ)〉j
∂〈θ〉j

∣∣∣∣∣ 〈A(k, θ∗)〉jl2j (k)
−
〈A(k, θ)〉j
l2j (k)

∣∣∣∣∣
≤ 2 (t(n)m)−1

t(n)∑
k=0

m∑
j=1

∣∣∣∣∂〈A(k, θ)〉j∂〈θ〉j

∣∣∣∣ ·
∣∣∣∣∣ 〈A(k, θ∗)〉jl2j (k)

−
〈A(k, θ)〉j
l2j (k)

∣∣∣∣∣
≤ 2KL20

∥∥θ∗ − θ∥∥ ≤ 2KL20q.
For any θ1, θ2 ∈Θ when θ∗ is fixed, applying Taylor’s expansion of the function G(n, θ , θ∗) at the point
θ1 we have:

G
(
n, θ∗, θ1

)
= G

(
n, θ∗, θ2

)
+ D (n, θ1, θ2) . (7)

where D (n, θ1, θ2) is a remainder term and

|D (n, θ1, θ2)| ≤ 2KL20q
m∑
j=1

∣∣〈θ1〉j − 〈θ2〉j∣∣ .
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Further, (7) allows us to conclude that

∀ (θ1, θ2 ∈ Θ) :
∣∣G (n, θ∗, θ1)− G

(
n, θ∗, θ2

)∣∣ ≤ 2KL20q m∑
j=1

∣∣〈θ1〉j − 〈θ2〉j∣∣ .
Applying Jensen’s inequality(

m∑
j=1

∣∣〈θ1〉j − 〈θ2〉j∣∣m−1
)2
≤

m∑
j=1

∣∣〈θ1〉j − 〈θ2〉j∣∣2m−1,
and therefore

m∑
j=1

∣∣〈θ1〉j − 〈θ2〉j∣∣ ≤ ‖θ1 − θ2‖m0.5.
The final conclusion is

∀
(
θ∗, θ1, θ2 ∈ Θ, n ≥ 1

)
:
∣∣G (n, θ∗, θ1)− G

(
n, θ∗, θ2

)∣∣ ≤ 2KL20q ‖θ1 − θ2‖m0.5. (8)

Consider the following events:

ωn ∈ Fn :

∣∣∣∣∣B(n, θ∗, θ1, θ2)+ 2 t(n)∑
k=0

ξ(k)L−1(k) (A(k, θ2)− A(k, θ1))T (t(n)m)−1
∣∣∣∣∣ ≤ L1‖θ1 − θ2‖,

ω̃n ∈ Fn :
∣∣B(n, θ∗, θ1, θ2)∣∣ ≤ L1‖θ1 − θ2‖,

where B(n, θ∗, θ1, θ2) = |G (n, θ∗, θ1)− G (n, θ∗, θ2)|, L1 = 2KL20qm
0.5.

Taking (8) and (6) into account for any θ∗, θ1, θ2 ∈ Θ ,

Pθ∗
(
lim
n→∞

ωn = lim
n→∞

ω̃n

)
= 1,

i.e. for any γ > 0 we can use the following representation:

Pθ∗

(
lim
n→∞

sup
‖θ1−θ2‖<γ

|I(n, θ1)− I(n, θ2)| = lim
n→∞

sup
‖θ1−θ2‖<γ

∣∣∣∣∣B(n, θ∗, θ1, θ2)
+ 2

t(n)∑
k=0

ξ(k)L−1(k)(A(k, θ2)− A(k, θ1))T/(t(n)m)

∣∣∣∣∣ < L1γ
)
= 1. (9)

Given (9), condition 4 of Lemma 1 is met with the function c(γ ) = L1γ . Therefore, for the sequence
{I(n, θ)|n ≥ 1} all the conditions of Lemma 1 are met; so

Pθ∗
(
lim
n→∞

∥∥θn − θ∗∥∥ = 0) = 1. (10)

Further,

∀θ ∈ Θ : Pθ
(
lim
n→∞

c(n) = 0
)
= 1. (11)

Consider an arbitrary sequence
{
θ̄n|n ≥ 1

}
of the elements of the compactΘ such that

n ≥ 1 :
(
θ̄n ∈ Ξ(n), θ̄n 6= θn

)
.

For the sequence
{
θ̄n|n ≥ 1

}
there exists a real positive sequence ε = {εn|n ≥ 1} which can be

described as follows:

n ≥ 1 : θ̄n(εn) = arg inf
θ∈Θ
|Φ(n, θ, θn)− εn| .
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It is obvious that

n ≥ 1 : ∃θ∗ ∈ Ξ(n) : Pθ∗ (εn ≤ c(n)) = 1. (12)

Let us check whether conditions 2 and 4 of Lemma 1 are met for the sequence of functionals
{|Φ(n, θ, θn)− εn|}n≥1. (It is obvious that the rest of the conditions are met.)
Taking into account (11) and (12),

n ≥ 1, θ∗ ∈ Θ : Pθ∗
(
lim
n→∞

εn = 0
)
= 1.

Besides,

Pθ∗
(
lim
n→∞
|Φ(n, θ, θn)− εn| =

∣∣R(θ, θ∗)− R(θ∗, θ∗)∣∣ = ∣∣R(θ, θ∗)∣∣) = 1,
where the function |R(θ, θ∗)| has the only minimum on Θ at θ = θ∗ and is continuous. Therefore,
condition 2 of Lemma 1 is met. For any θ1, θ2 ∈ Θ

||Φ(n, θ1, θn)− εn| − |Φ(n, θ2, θn)− εn|| ≤ |I(n, θ1)− I(n, θ2)| .

Taking (8) into account, for any θ1, θ2 ∈ Θ

∀ (n ≥ 1, γ > 0) : Pθ∗

(
lim
n→∞

sup
‖θ1−θ2‖<γ

||Φ(n, θ1, θn)− εn| − |Φ(n, θ2, θn)− εn|| ≤ L1γ

)
= 1.

In this case for the sequence {|Φ(n, θ, θn)− εn|}n≥1 condition 4 of Lemma 1 is met with the function
c(γ ) = L1γ based on Lemma 1.

Pθ∗
(
lim
n→∞

∥∥θ̄n(εn)− θ∗∥∥ = 0) = 1.
Due to the arbitrary choice of the sequence

{
θ̄n(εn) |n ≥ 1

}
m
∀
j=1
Pθ∗

(
lim
n→∞

∣∣∣〈θL(n)〉j − 〈θ∗〉j∣∣∣ = 0) = 1,
m
∀
j=1
Pθ∗

(
lim
n→∞

∣∣∣〈θU(n)〉j − 〈θ∗〉j∣∣∣ = 0) = 1.
Hence, Lemma 2 is proven. �

From the strong consistency of the sequences {θL(n) |n ≥ 1 } and {θU(n) |n ≥ 1 } it follows that τ
is an end point which means that the second assertion of the considered theorem holds true.
When an assertion x implies an assertion y, we will use the following notation: x⇒ y. If an event

ω(1) leads to an event ω(2), we will write ω(1) ⊂ ω(2). Further, for any θ1, θ2 ∈ Θ, n ≥ 1 consider
a value

η(n, θ1, θ2) =
t(n)∑
k=1

2ξ(k)L−1(k) (A(k, θ2)− A(k, θ1))T (t(n)m)−1 .

It is obvious that

E
(
η2(n, θ1, θ2)

)
= 4E

(
t(n)∑
k=1

m∑
j=1

(
〈ξ(k)〉2j
l2j (k)

)(
〈A(k, θ1)〉j − 〈A(k, θ2)〉j

lj(k)t(n)m

)2)

= 4

(
t(n)∑
k=1

m∑
j=1

E

(
〈ξ(k)〉2j
l2j (k)

)
E
(
〈A(k, θ1)〉j − 〈A(k, θ2)〉j

lj(k)t(n)m

)2)

= 4
t(n)∑
k=1

E (Rk(θ1, θ2)) (t(n)m)−2.
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Further, taking into account condition 3 of the considered theorem,

4
t(n)∑
k=1

E (Rk(θ1, θ2)) (t(n)m)−2 ≤ 4L20q
2(t(n)m2)−1.

For the sake of brevity, the following shorthand notations will be used:

ε(n, •) = Eθ∗ (η(n, θn, θ)) , χ(n, •) = η(n, θn, θ)− ε(n, •), θ ∈ Θ.

Further, for any θ ∈ Θ

Pθ∗ (|η(n, θn, θ)| ≤ c(n)) = Pθ∗ (|χ(n, ·)+ ε(n, ·)| ≤ c(n))
≥ Pθ∗ (|χ(n, •)| + Eθ∗ |η(n, θn, θ)| ≤ c(n)) = Pθ∗ (|χ(n, •)| ≤ c(n)− Eθ∗ |η(n, θn, θ)|)

Further,

∀θ ∈ Θ : Eθ∗ |η(n, θn, θ)|2 ≤ 4L20q
2(t(n)m2)−1.

However, according to Lyapunov’s inequality

∀θ ∈ Θ : Eθ∗ |η(n, θn, θ)| ≤
(
Eθ∗ |η(n, θn, θ)|2

)−0.5
;

so

∀θ ∈ Θ : Eθ∗ |η(n, θn, θ)| ≤
(
4L20q

2(t(n)m2)−1
)0.5
= 2Lq0

(
m
√
t(n)

)−1
.

Further,

(t(n))−0.5 =
([
n2+r

]
+ 1

)−0.5
≤
[
n2+r

]−0.5
≤ n−r/2, n > 0.

That is why

∀θ ∈ Θ : Eθ∗ |η(n, θn, θ)| ≤ 2L
q
0 (t(n))

−0.5m−1 ≤ c(n) (1− Pc)0.5
(
π2/6

)−0.5
/2.

It is obvious that (1− Pc)0.5 < 1i
(
π2/6

)−0.5
< 1; so

∀θ ∈ Θ : Eθ∗ |η(n, θn, θ)| ≤ c(n)/2

and for t = c(n)/2− Eθ∗ |η(n, θn, θ)| > 0 we have

Pθ∗ (|η(n, θn, θ)| ≤ c(n)) ≥ Pθ∗ (|χ(n, •) ≤ c(n)| − Eθ∗ |η(n, θn, θ)|)
= Pθ∗ (|χ(n, •)| ≤ c(n)/2+ t) ≥ Pθ∗ (|χ(n, •)| ≤ c(n)/2) .

Further,

∀θ ∈ Θ : Pθ∗ (|η(n, θn, θ)| > c(n)) < Pθ∗ (|χ(n, •)| > c(n)/2) .

Chebyshev’s inequality allows us to say that

Pθ∗ (|χ(n, •)| > c(n)/2) ≤ 4c−2(n)Eθ∗ (χ(n, •))2

≤ 4c−2(n)Eθ∗ |η(n, θn, θ)|2 ≤ 16c−2(n)L20q
2(t(n)m2)−1

and

∀θ ∈ Θ : Pθ∗ (|η(n, θn, θ)| > c(n)) ≤ 16c−2(n)L20q
2(t(n)m2)−1. (13)

The following representation is possible:

Φ(n, θ, θn) = G
(
n, θ∗, θ

)
− G

(
n, θ∗, θn

)
+ η(n, θn, θ) ≥ 0, n ≥ 1, θ ∈ Θ.

If θ = θ∗ then G (n, θ∗, θ)− G (n, θ∗, θn) ≤ 0 and the parameter θ∗ does not belong to the set Ξ(n)
only if η(n, θn, θ∗) is such that

I(n, θ∗)− I(n, θn) = G
(
n, θ∗, θ∗

)
− G

(
n, θ∗, θn

)
+ η(n, θn, θ∗) > c(n). (14)
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Consider a situationwhen |η(n, θn, θ∗)| ≤ c(n). In this case it is obvious that I(n, θ∗)−I(n, θn) ≤ c(n)
because sign (I(n, θ∗)− I(n, θn)) = sign (G (n, θ∗, θ∗)− G (n, θ∗, θn)) = −1. In other words, if
|η(n, θn, θ∗)| ≤ c(n) then θ∗ ∈ Ξ(n) and on the setΞ(n) the following conclusions hold true:

∀n ≥ 1 :
(∣∣η(n, θn, θ∗)∣∣ ≤ c(n))⇒ (

θ∗ ∈ Ξ(n)
)
⇒
(
θ∗ ∈ Ξ∗(n)

)
. (15)

Using (15),

∀n ≥ 1 : P
(∣∣η(n, θn, θ∗)∣∣ ≤ c(n)) ≤ P (θ∗ ∈ Ξ∗(n)) .

Taking (13) into account,

∀
(
n ≥ 1, θ∗ ∈ Θ

)
: P
(
θ∗ 6∈ Ξ∗(n)

)
≤ P

(∣∣η(n, θn, θ∗)∣∣ > c(n)) ≤ 16c−2(n)L20q2(t(n)m2)−1.
Consider now the probability of the event ωτ : θ∗ 6∈ Ξ∗(τ ) not happening.

P
(
θ∗ 6∈ Ξ∗(τ )

)
=

∑
n≥1

P
(
θ∗ 6∈ Ξ∗(n), τ = n

)
≤

∑
n≥1

P
(
θ∗ 6∈ Ξ∗(n)

)
≤

∑
n≥1

16c−2(n)L20q
2(t(n)m2)−1 ≤

(
16L20q

2m2
)∑
n≥1

c−2(n)t−1(n)

= (1− Pc)
(
π2

6

)−1∑
n≥1

nr t−1(n) = (1− Pc)
(
π2

6

)−1∑
n≥1

nr
([
n2+r

]
+ 1

)−1
≤ (1− Pc)

(
π2

6

)−1∑
n≥1

nrn−2−r = 1− Pc .

Here we have taken into account that
∑
n≥1 n

−2
=

π2

6 . Hence,

P
(
θ∗ ∈ Ξ∗(τ )

)
≥ Pc,

and we have proved the first statement of Theorem 1. It is obvious that the rectangular parallelepiped
Ξ∗(τ ) is a confidence parallelepiped for the parameter θ∗. It complies with the requirements
formulated in the statement of the problem and is fully determined by the vectors θL(n), θU(n).
The implementation of the suggested sequential design (γ (n), τ ) is aimed at calculation of these
vectors. �

Proof of Theorem 2. Taking into account that G (n, θ∗, θ∗) = 0, n ≥ 1,

n ≥ 1 : I(n, θU(n))− I(n, θ∗) = G
(
n, θ∗, θU(n)

)
+ G

(
n, θ∗, θ∗

)
+ η(n, θ∗, θU(n))

= G
(
n, θ∗, θU(n)

)
+ η(n, θ∗, θU(n)) ≥ 0.

In a similar manner,

∀n ≥ 1 : I(n, θL(n))− I(n, θ∗) = G
(
n, θ∗, θL(n)

)
+ η(n, θ∗, θU(n)) ≥ 0.

Let us set H = 2 ‖θ∗ − θU(n)‖ ‖θ∗ − θL(n)‖. Consider the following events:

ωU(0, n) :
{
I(n, θ∗)− I(n, θU(n)) ≤ g(δ∗/2)2

}
ωU(1, n) :

{
G
(
n, θ∗, θU(n)

)
= c(n)+ η(n, θ∗, θn)+ s(n, θ∗, θU(n)) ≤ g(δ∗/2)2

}
ωL(0, n) :

{
I(n, θ∗)− I(n, θL(n)) ≤ g(δ∗/2)2

}
ωL(1, n) :

{
G
(
n, θ∗, θL(n)

)
= c(n)+ η(n, θL(n), θ∗)+ s(n, θ∗, θL(n)) ≤ g(δ∗/2)2

}
ωU(4, n) :

{∥∥θ∗ − θU(n)∥∥2 ≤ (δ∗/2)2}
ωL(4, n) :

{∥∥θ∗ − θL(n)∥∥2 ≤ (δ∗/2)2}
ω(∗, n) :

{
H ≤ (δ∗)2/2

}
.



A.V. Timofeev / Statistical Methodology 6 (2009) 513–526 525

Here

s(n, θ∗, θU(n)) = c(n)−
(
G
(
n, θ∗, θU(n)

)
+ η(n, θ∗, θU(n))

)
,

s(n, θ∗, θL(n)) = c(n)−
(
G
(
n, θ∗, θL(n)

)
+ η(n, θ∗, θL(n))

)
.

Since (
G
(
n, θ∗, θU(n)

)
+ η(n, θ∗, θU(n))

)
> 0 and

(
G
(
n, θ∗, θL(n)

)
+ η(n, θ∗, θL(n))

)
> 0,

we have

s(n, θ∗, θU(n)) < c(n), s(n, θ∗, θL(n)) < c(n). (16)

Because of ‖θ∗ − θU(n)‖2 + ‖θ∗ − θL(n)‖2 ≥ ‖θU(n)− θL(n)‖2 − H the following implications are
true: (∥∥θ∗ − θL(n)∥∥2 ≤ (δ∗/2)2)& (∥∥θ∗ − θU(n)∥∥2 ≤ (δ∗/2)2)

⇒

(∥∥θ∗ − θU(n)∥∥2 + ∥∥θ∗ − θL(n)∥∥2 ≤ (δ∗)2/2) ,(
H ≤ (δ∗)2/2

)
⇒

(∥∥θ∗ − θU(n)∥∥2 + ∥∥θ∗ − θL(n)∥∥2 ≥ ‖θU(n)− θL(n)‖2 − H ≥ ‖θU(n)− θL(n)‖2 − (δ∗)2/2)
⇒

{(∥∥θ∗ − θU(n)∥∥2 + ∥∥θ∗ − θL(n)∥∥2 ≤ (δ∗)2/2)
⇒
(
‖θU(n)− θL(n)‖2 − (δ∗)2/2 ≤ (δ∗)2/2

)}
⇒
(
‖θU(n)− θL(n)‖2 ≤ (δ∗)2

)
⇒
(
‖θU(n)− θL(n)‖ ≤ δ∗

)
.

Further taking (4) into account,

ωU(1, n) ⊂ ωU(4, n), ωL(1, n) ⊂ ωL(4, n). (17)

Using the triangle inequality and taking (17) into account,

ωU(1, n) · ωL(1, n) ⊂ ωU(4, n) · ωL(4, n) ⊂ ω(∗, n)

⊂ ω(5, n) :
{∥∥θ∗ − θU(n)∥∥2 + ∥∥θ∗ − θL(n)∥∥2 ≤ (δ∗)2/2}

⊂ ω(6, n) :
{
‖θU(n)− θL(n)‖ ≤ δ∗

}
⊂ ω(7, n) : {τ ≤ n} .

Assume the following notation for the events:

ωU(8, n) :
{
η(n, θ∗, θU(n))+ s(n, θ∗, θU(n)) ≤ g(δ∗/2)2 − c(n)

}
ωL(8, n) :

{
η(n, θ∗, θL(n))+ s(n, θ∗, θL(n)) ≤ g(δ∗/2)2 − c(n)

}
ωU(9, n) :

{∣∣η(n, θ∗, θU(n))∣∣+ c(n) ≤ g(δ∗/2)2 − c(n)}
ωL(9, n) :

{∣∣η(n, θ∗, θL(n))∣∣+ c(n) ≤ g(δ∗/2)2 − c(n)}
ω̄U(9, n) :

{∣∣η(n, θ∗, θU(n))∣∣ > g(δ∗/2)2 − 2c(n)}
ω̄L(9, n) :

{∣∣η(n, θ∗, θL(n))∣∣ > g(δ∗/2)2 − 2c(n)} .
Using Boole’s inequality and (16),

∀n > ρ : Pθ∗ (ωU(1, n) · ωL(1, n)) = Pθ∗ (ωU(8, n) · ωL(8, n)) ≥ Pθ∗ (ωU(9, n) · ωL(9, n))
≥ 1− (Pθ∗ (ω̄U(8, n))+ Pθ∗ (ω̄L(8, n))) ≥ 1−

(
Pθ∗

(∣∣η(n, θ∗, θU(n))∣∣ > z)
+ Pθ∗

(∣∣η(n, θ∗, θL(n))∣∣ > z)) . (18)
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Taking the condition of the considered theorem into account:

∀
(
n ≥ 1; θ, θ ′ ∈ Θ

)
: Eθ∗

(
η4(n, θ, θ ′)

)
≤ Eθ∗

(
sup

θ1,θ2∈Θ
(η4(n, θ, θ ′))

)
≤ Πn−p.

Further, using Chebyshev’s inequality

∀
(
n ≥ 1; θ, θ ′ ∈ Θ

)
: Pθ∗

(∣∣η(n, θ, θ ′)∣∣ > z) ≤ Eθ∗
(
η4(n, θ, θ ′)

)
z−4 ≤ Πn−pz−4. (19)

It follows from (18) that for any α ∈]0, 1[

(Pθ∗ (ωU(1, n) · ωL(1, n)) ≥ α)⇒ (Pθ∗ (τ ≤ n) ≥ α)⇒ (Pθ∗ (τ > n) < 1− α) , n ≥ 1.

In this case, using (18) and (19) when n > ρ

Pθ∗ (τ > n) < Pθ∗
(∣∣η(n, θ∗, θU(n))∣∣ > z)+ Pθ∗ (∣∣η(n, θ∗, θL(n))∣∣ > z) < 2Πn−pz−4.

And taking the condition of the theorem into account, we can say that

Eθ∗τ =
∑
n≥1

Pθ∗ (τ > n) ≤ ρ +
∑
n≥1

2Πn−pz−4 ≤ ρ + 2ΠWz−4.

Hence, the second statement of the theorem is proved. It also follows that∑
n≥1

Pθ∗ (τ > n) <∞.

Using the Borel–Cantelli Lemma, we may conclude that

Pθ∗ (τ <∞) = 1

and the first statement of the theorem is proven. �
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